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We prove that the fractional derivative or the fractional primitive of a 𝑇-periodic function cannot be a ?̃?-periodic function, for any
period ?̃?, with the exception of the zero function.
1. Introduction
Periodic functions [1, Ch. 3, pp. 58–92] play a central role
in mathematics since the seminal works of Fourier [2, 3].
Nowadays, periodic functions appear in applications ranging
from electromagnetic radiation to blood flow and of course
in control theory in linear time-varying systems driven
by periodic input signals [4]. Linear time-varying systems
driven by periodic input signals are ubiquitous in control
systems, from natural sciences to engineering, economics,
physics, and the life science [4, 5]. Periodic functions also
appear in automotive engine applications [6], optimal peri-
odic scheduling of sensor networks [7, 8], or cyclic gene
regulatory networks [9], to give some applications.
It is an obvious fact that the classical derivative, if it exists,
of a periodic function is also a periodic function of the same
period. Also the primitive of a periodic function may be
periodic (e.g., cos 𝑡 as primitive of sin 𝑡).
The idea of integral or derivatives of noninteger order
goes back to Riemann and Liouville [3, 10]. Probably the first
application of fractional calculus was made by Abel in the
solution of the integral equation that arises in the formu-
lation of the tautochrone problem [11]. Fractional calculus
appears in many different contexts as speech signals, cardiac
tissue electrode interface, theory of viscoelasticity, or fluid
mechanics. The asymptotic stability of positive fractional-
order nonlinear systems has been proved in [12] by using the
Lyapunov function. We do not intend to give a full list of
applications but to show the wide range of them.
In this paper we prove that periodicity is not transferred
by fractional integral or derivative, with the exception of the
zero function. Although this property seems to be known
[10, 13, 14], in Section 3 we give a different proof by using
the Laplace transform. Our approach relies on the classical
concepts of fractional calculus and elementary analysis.
Moreover, by using a similar argument as in [15], in Section 4
we prove that the fractional derivative or primitive of a 𝑇-
periodic function cannot be ?̃?-periodic for any period ?̃?. A
particular but nontrivial example is explicitly given. Finally,
as a consequence we show in Section 5 that an autonomous
fractional differential equation cannot have periodic solu-
tions with the exception of constant functions.
2. Preliminaries
Let 𝑇 > 0. If 𝑓 : R → R is 𝑇 periodic and 𝑓 ∈ C1(R), then
the derivative𝑓󸀠 is also𝑇-periodic. However, the primitive of
𝑓
𝐹 (𝑡) = ∫
𝑡
0
𝑓 (𝑠) 𝑑𝑠 (1)
is not, in general, 𝑇-periodic. Just take 𝑓(𝑡) = 1 so that
𝐹(𝑡) = 𝑡 is not 𝑇󸀠-periodic for any 𝑇󸀠 > 0. The necessary




𝑓 (𝑠) 𝑑𝑠 = 0. (2)
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The purpose of this note is to show that the fractional
derivative or the fractional primitive of a𝑇-periodic function
cannot be 𝑇-periodic function with the exception, of course,













𝑓) (𝑡) = 𝐷
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𝑓) (𝑡) = 𝑓 (𝑡) − 𝑓 (0) , (5)
and 𝐼1(𝐷1𝑓) does not coincide with 𝑓 unless 𝑓(0) = 0.
We recall some elements of fractional calculus. Let 𝛼 ∈
(0, 1) and 𝑓 : R → R. We point out that 𝑓 is not necessarily












𝑓 (𝑠) 𝑑𝑠, (6)
provided the right-hand side is defined for a.e. 𝑡 ∈ R. If, for
example, 𝑓 ∈ L1(R), then the fractional integral (6) is well






(0, 𝑇) 󳨀→ L
1
(0, 𝑇) (7)
is linear and bounded.
The fractional Riemann-Liouville derivative of order 𝛼 of
𝑓 is defined as [16, 17]
𝐷
𝛼
















This is well defined if, for example, 𝑓 ∈ L1loc(R).
There are many more fractional derivatives. We are not




















which is well defined, for example, for absolutely continuous
functions.











𝑓) (𝑡) = 𝑓 (𝑡) (10)








𝑓) (𝑡) = 𝑓 (𝑡) − 𝑓 (0) , (11)

















𝑓 (𝑡) = 𝐷
𝛼
(𝑓 (𝑡) − 𝑓 (0)) . (13)
3. The Fractional Derivative or Primitive of a
𝑇-Periodic Function Cannot Be 𝑇-Periodic
We prove the following result in Section 3.1 below.
Theorem 1. Let 𝑓 : R → R be a nonzero 𝑇-periodic function
with 𝑓 ∈ L1loc(R). Then 𝐼
𝛼
𝑓 cannot be 𝑇-periodic for any 𝛼 ∈
(0, 1).
Corollary 2. Let 𝑓 : R → R be a nonzero 𝑇-periodic




𝑓 cannot be 𝑇-periodic for any 𝛼 ∈ (0, 1). The same result
holds for the fractional derivative𝐷𝛼𝑓.














𝑓) (𝑡) = 𝑓 (𝑡) − 𝑓 (0) (14)
is 𝑇-periodic. In relation to the fractional Riemann-Liouville
derivative, suppose that 𝐷𝛼𝑓 is 𝑇-periodic and consider the








3.1. Proof ofTheorem 1. Let 𝛼 ∈ (0, 1) and𝑇 > 0. By reduction




𝑓 (0) = 0 = 𝐼
𝛼







𝑓 (𝑠) 𝑑𝑠 = 0. (17)









𝑓 (𝑠) 𝑑𝑠 = 0, (𝑛 ∈ N := {1, 2, 3, . . .}) . (18)
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The proof follows by induction on 𝑛. Assume that (18) is valid






















((𝑛 + 1)𝑇 − 𝑠)
𝛼−1
𝑓 (𝑠) 𝑑𝑠 = 𝐼
𝛼
𝑓 ((𝑛 + 1) 𝑇) = 0.
(21)

















((𝑛 + 1 − 𝑗)𝑇 − 𝑟)
𝛼−1
𝑓 (𝑟) 𝑑𝑟 = 0
(22)






















𝑓 (𝑠) 𝑑𝑠 = 0. (24)
Proof. Let 𝑓+ and 𝑓− be the positive and negative parts of 𝑓,
𝑓
+
(𝑥) = max (𝑓 (𝑥) , 0) ,
𝑓
−































(𝑠)𝑑𝑠 = 0, then from (18) we get



































































(𝑠) 𝑑𝑠 > 0,
(30)





























𝑓 (𝑠) 𝑑𝑠 = 0.
(32)
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(𝑇 + 𝛿 − 𝑠)
𝛼−1
𝑓 (𝑠) 𝑑𝑠 = 0, ∀𝛿 ∈ [0, 𝑇] . (33)
Proof. If 𝛿 = 0 and 𝛿 = 𝑇, the equation reduces to (17) and
(18), respectively. Let 0 < 𝛿 < 𝑇.
𝐼
𝛼



















































(𝑇 + 𝛿 − 𝑠)
𝛼−1




By using the periodicity of 𝐼𝛼𝑓 we get (33).




(𝑇 + 𝑡 − 𝑠)
𝛼−1
𝑓 (𝑠) 𝑑𝑠 = 0, ∀𝑡 ∈ R. (35)
Proof. For 𝑡 ∈ [0, 𝑇] or 𝑡 = 𝑛𝑇, 𝑛 = 1, 2, . . ., relation (35) is
true. Let 𝑡 = 𝑛𝑇 + 𝛿, so that 𝑇 + 𝑡 = (𝑛 + 1)𝑇 + 𝛿. Then
𝐼
𝛼
𝑓 (𝛿) = 𝐼
𝛼










































Let us compute separately the integrals in the right-hand side.
In all the integrals depending on 𝑗, we use the (linear) change










(𝑇 + (𝑛 − 𝑗) 𝑇 + 𝛿 − 𝑟)
𝛼−1










For the last integral we use the (linear) change of variable 𝑟 =
















By induction on 𝑛, as in Lemma 3, the proof follows.
Lemma 7. Let𝑓 be a continuous and𝑇-periodic function,𝑇 >




(𝑇 − 𝑠 + 𝑡)
𝛼−1




𝑓 (𝑠) 𝑑𝑠 = 0,
(40)
then 𝑓 ≡ 0.
Proof. Since ∫𝑇
0




















(𝑠)𝑑𝑠 > 0. If 𝑐 = 0 then 𝑓 = 0.
Let us define
𝜙 (𝑡) = ∫
𝑇
0
(𝑇 − 𝑠 + 𝑡)
𝛼−1
𝑓 (𝑠) 𝑑𝑠. (41)
From the hypothesis, we have that 𝜙(𝑡) = 0 at any 𝑡 ∈ R.
Therefore, its integral is also zero. Let us integratewith respect










(𝑇 − 𝑠 + 𝑡)
𝛼−1














(𝑏 − 𝑠 + 𝑇)
𝛼









[(𝑏 − 𝑠 + 𝑇)
𝛼
− (𝑎 − 𝑠 + 𝑇)
𝛼
] 𝑓 (𝑠) 𝑑𝑠 = 0 (43)
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which implies that
𝜓 (𝑡) = ∫
𝑇
0
(𝑇 − 𝑠 + 𝑡)
𝛼
𝑓 (𝑠) 𝑑𝑠 (44)









(𝑇 − 𝑠 + 𝑡)
𝛼
𝑓 (𝑠) 𝑑𝑠






























(𝑇 − 𝑠 + 𝑡)
𝛼
𝑓 (𝑠) 𝑑𝑠 = 0, ∀𝑡 ∈ R. (48)
Let
𝑓 = 𝑓 ⋅ 𝜒
[0,𝑇]
, 𝑓 (𝑡) = {
𝑓 (𝑡) , 𝑡 ∈ [0, 𝑇]
0, 𝑡 > 𝑇.
(49)
If we define
𝜑 (𝑡) = (𝑇 + 𝑡)
𝛼 (50)
then the convolution of 𝜑 and 𝑓 is given by
(𝜑 ∗ 𝑓) = ∫
+∞
0




(𝑇 + 𝑡 − 𝑠)
𝛼
𝑓 (𝑠) 𝑑𝑠 = 0.
(51)
Therefore, if we apply the Laplace transform [18, Chapter 17]
to the above equality it yields
L [𝜑 ∗ 𝑓] = L [𝜑]L [𝑓] = L [0] = 0. (52)
Since




Γ (𝛼 + 1, 𝑠𝑇) , (53)
where Γ(𝑎, 𝑧) denotes the incomplete gamma function [19,
Section 6.5], then L[𝜑] ̸= 0 which implies that L[𝑓] = 0
and therefore 𝑓 = 0, that is, 𝑓 = 0, on [0, 𝑇].
4. The Fractional Derivative or Primitive of a
𝑇-Periodic Function Cannot Be ?̃?-Periodic
for any Period ?̃?




𝑢 = 𝑓 (𝑡) , 0 < 𝛼 < 1. (54)
Then
𝑢 (𝑡) = 𝑢 (0) + 𝐼
𝛼
𝑓 (𝑡) , (55)
and therefore
L [𝑢 (𝑡)] = L𝑢0 +L [𝐼
𝛼
𝑓 (𝑡)] . (56)
Let us assume that 𝑢 is a ?̃?-periodic function. Then by using




𝑢 (𝑡) exp (−𝜆𝑡) 𝑑𝑡











𝑓 (𝑡) exp (−𝜆𝑡) 𝑑𝑡




𝜆 (1 − exp (−𝜆𝑇)) ∫
?̃?
0
𝑢 (𝑡) exp (−𝜆𝑡) 𝑑𝑡
= 𝑢
0
(1 − exp (−𝜆𝑇)) (1 − exp (−𝜆?̃?))
+ 𝜆
1−𝛼
(1 − exp (−𝜆?̃?)) ∫
𝑇
0
𝑓 (𝑡) exp (−𝜆𝑡) 𝑑𝑡.
(58)
Let us consider V = 𝑢 − 𝑢
0
so that V is also ?̃?-periodic and
V(0) = 0. The above equality becomes
𝜆 (1 − exp (−𝜆𝑇)) ∫
?̃?
0
V (𝑡) exp (−𝜆𝑡) 𝑑𝑡
= 𝜆
1−𝛼
(1 − exp (−𝜆?̃?)) ∫
𝑇
0





(1 − exp (−𝜆𝑇))








𝑓 (𝑡) exp (−𝜆𝑡) 𝑑𝑡.
(60)
Thus,
(1 − exp (−𝜆𝑇))
































(1 − exp (−𝜆𝑇))










by using 0 < 𝛼 < 1 and 𝑖 ≥ 0, the limit as 𝜆 → 0+ of the




𝑓 (𝑡) 𝑑𝑡 = 0. (63)
Then
(1 − exp (−𝜆𝑇))






















































V (𝑡) 𝑑𝑡 = 0. (66)






𝑑𝑡 = 0, ∫
?̃?
0
V (𝑡) 𝑡𝑖𝑑𝑡 = 0, 𝑖 = 0, 1, 2, . . . . (67)
Therefore, 𝑓 = 𝑢 = 0 and there are no nonzero ?̃?-periodic
𝐿
∞-solutions of the problem.
Example 8. Let 𝑓(𝑡) = sin(𝑡) and 0 < 𝛼 < 1. The Caputo-


























(𝑎; 𝑏, 𝑐; 𝑑) is defined as

















and the Pochhammer symbol (𝐴)
𝑗





































































































we have that 𝑐𝐷𝛼𝑓(𝑡) is not a ?̃?-periodic function for any
positive ?̃? and 𝛼 ∈ (0, 1). Plotting both functions sin(𝑡) and
𝑐
𝐷
𝛼 sin(𝑡), this last function seems to be periodic but it is not
according to our results. Notice that Kaslik and Sivasundaram
[10] gave the following alternate representation:
𝑐
𝐷



















Γ (𝛼𝑘 + 𝛽)
. (72)
5. Periodic Solutions of Fractional
Differential Equations
In this section we show how Theorem 1 can be used to
give a nonexistence result of periodic solutions for fractional
differential equations.
Consider the first order ordinary differential equation
𝐷
1
𝑢 (𝑡) = 𝜑 (𝑢 (𝑡)) , 𝑡 ∈ R, (73)
where 𝜑 : R → R is continuous. An important question is
the existence of periodic solutions [22–24].
If 𝑢 : R → R is a 𝑇-periodic solution of (73) then
obviously
𝑢 (0) = 𝑢 (𝑇) . (74)
One can find 𝑇-periodic solutions of (73) by solving the
equation only on the interval [0, 𝑇] and then checking the
values 𝑢(0) and 𝑢(𝑇). If (74) holds, then extending by 𝑇-
periodicity the function 𝑢(𝑡), 𝑡 ∈ [0, 𝑇], to R we have a 𝑇-
periodic solution of (73).
However, this is not possible for a fractional differential




𝑢 (𝑡) = 𝜑 (𝑢 (𝑡)) , 𝑡 ∈ R. (75)
Abstract and Applied Analysis 7
If 𝑢 is a solution of (75), let 𝑓(𝑡) = 𝜑(𝑢(𝑡)). Then
𝑢 (𝑡) = 𝑢 (0) + 𝐼
𝛼
𝑓 (𝑡) . (76)
In the case that 𝑢 is a 𝑇-periodic solution of (75) we have
that𝑓 is also𝑇-periodic. According toTheorem 1, 𝐼𝛼𝑓 cannot
be 𝑇-periodic unless it is the zero function and we have the
following relevant result.
Theorem 9. The fractional equation (75) cannot have periodic
solutions with the exception of constant functions 𝑢(𝑡) = 𝑢
0
,
𝑡 ∈ R, with 𝜑(𝑢
0
) = 0.





𝑢 (𝑡) = 𝜑 (𝑢 (𝑡)) , 𝑡 ∈ [0, 𝑇] ,
𝑢 (0) = 𝑢 (𝑇) ,
(77)
as in, for example, [25], but one cannot extend the solution
of that periodic boundary value problem on [0, 𝑇] to a 𝑇-
periodic solution on R (unless 𝑢 is a constant function, as
indicated inTheorem 9).




𝑢 (𝑡) = 𝜑 (𝑢 (𝑡)) , 𝑡 ∈ R, (78)
















𝑢 (𝑡) = 𝜓 (𝑡, 𝑢 (𝑡)) , 𝑡 ∈ R, (80)



















) − sin (𝑡) ,
(81)
we have that 𝑢(𝑡) = sin(𝑡) is a 2𝜋-periodic solution of (80).
This shows that the result of Theorem 9 is not valid for a
nonautonomous fractional differential equation as (80).
6. Conclusion
By using the classical concepts of fractional calculus and
elementary analysis, we have proved that periodicity is not
transferred by fractional integral or derivative, with the
exception of the zero function. We have also proved that the
fractional derivative or primitive of a 𝑇-periodic function
cannot be ?̃?-periodic for any period ?̃?. As a consequence
we have showed that an autonomous fractional differential
equation cannot have periodic solutions with the exception
of constant functions.
Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.
Acknowledgments
The referees and editor deserve special thanks for careful
reading and many useful comments and suggestions which
have improved the paper. The work of I. Area has been
partially supported by the Ministerio de Economı́a y Com-
petitividad of Spain under Grant MTM2012-38794-C02-01,
cofinanced by the European Community fund FEDER. J. J.
Nieto also acknowledges partial financial support by theMin-
isterio de Economı́a y Competitividad of Spain under Grant
MTM2010-15314, cofinanced by the European Community
fund FEDER.
References
[1] K. Knopp, Theory of Functions Parts I and II, Two Volumes
Bound as One, Part II, Dover Publications, 1996.
[2] W. E. Boyce and R. C. DiPrima, Elementary Differential Equa-
tions and Boundary Value Problems, John Wiley & Sons, New
York, NY. USA, 1965.
[3] J. Fourier,The Analytical Theory of Heat, Dover, New York, NY.
USA, 1955.
[4] S. Bittanti and P. Colaneri, Periodic Systems. Filtering and
Control, Springer, London, UK, 2009.
[5] J. Chauvin and N. Petit, “Periodic inputs reconstruction of
partiallymeasured linear periodic systems,”Automatica, vol. 48,
no. 7, pp. 1467–1472, 2012.
[6] J. Chauvin, G. Corde, N. Petit, and p. Rouchon, “Periodic
input estimation for linear periodic systems: automotive engine
applications,” Automatica, vol. 43, no. 6, pp. 971–980, 2007.
[7] D. Shi and T. Chen, “Approximate optimal periodic scheduling
of multiple sensors with constraints,” Automatica, vol. 49, no. 4,
pp. 993–1000, 2013.
[8] D. Shi and T. Chen, “Optimal periodic scheduling of sensor
networks: a branch and bound approach,” Systems & Control
Letters, vol. 62, no. 9, pp. 732–738, 2013.
[9] Y. Hori, T.-H. Kim, and S. Hara, “Existence criteria of periodic
oscillations in cyclic gene regulatory networks,” Automatica,
vol. 47, no. 6, pp. 1203–1209, 2011.
[10] E. Kaslik and S. Sivasundaram, “Non-existence of periodic solu-
tions in fractional-order dynamical systems and a remarkable
difference between integer and fractional-order derivatives of
periodic functions,” Nonlinear Analysis: Real World Applica-
tions, vol. 13, no. 3, pp. 1489–1497, 2012.
[11] J. L. Lagrange, “Sue les courbes tautochrones,” in Section
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